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ABSTRACT
The classical spin model in planar condensed media is represented as the U(1)
Chern-Simons gauge field theory. When the vorticity of the continuous flow of the
media coincides with the statistical magnetic field, which is necessary for the model’s
integrability, the theory admits zero curvature connection. This allows me to formu-
late the model in terms of gauge - invariant fields whose evolution is described by
the Davey-Stewartson (DS) equations. The Self-dual Chern-Simons solitons described
by the Liouville equation are subjected to corresponding integrable dynamics. As a
by-product the 2+1-dimensional zero-curvature representation for the DS equation is
obtained as well as the new reduction conditions related to the DS-I case. Some pos-
sible applications for the statistical transmutation in the anyon superfluid and TQFT
are briefly discussed.
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0 Introduction
Recently, the Chern-Simons (CS) solitons are derived as solutions of the self-dual CS
system [1]. These solutions have an important quantum meaning producing excitations
known as anyons possessing arbitrary statistics [2]. They are relevant to the Quantum
Hall Effect (QHE) and the High Temperature Superconductivity since they are still
being intensively studied [3,4]. In fact, the effective Ginzburg-Landau theory of the
QHE turns out to be described by the Nonlinear Schro¨dinger Equation (NLSE) in 2+1
dimensions for a complex matter field which couples with the Abelian Chern-Simons
gauge field. When the field’s self-interaction coupling strength is related to the Chern-
Simons coupling constant the model reduces to the static self-dual CS equations [1].
These equations, being conformal invariant, are completely integrable and admit the
Lax pair representation [5]. The time evolution of the model, in general, can be arranged
as a conformal mapping of the plane to itself at different times.
But analysis of the time dependent solutions with integrable dynamics remains an
open problem. Jackiw and Pi [6] mentioned the tantalizing similarity of the problem
with the Davey-Stewartson equation, being a well known integrable extension of the
NLSE in 2+1 dimensions [13].
In the present paper I reduce the self-dual CS model from an integrable model in
2+1 dimensions. This model was first derived by Ishimori and has integrable dynamics
of the magnetic vortices [7]. Its formulation in terms of the vorticity for continuous
flow tends to clarify the physical meaning of the model and allows an extension for
higher dimensions, admitting the bilinear Hirota representation [8,10]. The physical
applications of the model are connected with the resolution of the anomalous behavior
of the linear momentum in ferromagnets [9]. As it was shown in the latter paper by using
the de-localized electron model of ferromagnets, the canonical momentum becomes well
defined due to a fermionic background.
The model considered in the present paper is a modification of the classical Heisen-
berg model for condensed media, having hydrodynamical flow with its vorticity related
to a topological charge density. In this case a hydrodynamical vortex in the magnetic
(anyon) fluid is also inducing a magnetic vorticity.
The CS gauge field theory is then obtained by projecting spin variables on the
tangent plane to the sphere (spin phase space). This idea has been recently applied to
the classical Heisenberg model in [12]. Furthermore, the stationary magnetic vortices of
the model have been related to the Chern-Simons solitons, while the topological charge
of the former has been related to the electric charge of the latter.
2
In the case of equality between hydrodynamical vorticity and the “statistical” mag-
netic field, the theory can be formulated for a zero curvature effective gauge field. This
allows me to reformulate the model in terms of gauge invariant matter fields. As shown,
their evolution is described by the DS equations and at the same time the fields satisfy
the CS system. For the self-dual case, we reproduce CS solitons with an integrable
evolution replacing the statistical gauge field with a velocity field.
As a by-product we obtain: a) new reduction conditions for the DS-I model related
to the Ishimori-I (IM-I) model, b) the 2+1 dimensional zero curvature formulation for
the DS equation.
1 Zero Curvature Condition
The crucial moment of our construction is a zero curvature condition in 2+1 di-
mensional space
Fµν = ∂µJν − ∂νJµ + [Jµ, Jν ] = 0, (1.1)
for u(2)(u(1, 1)) Lie algebra valued connection Jµ, (µ = 0, 1, 2). Decomposing the alge-
bra for the diagonal and off-diagonal parts
Jµ = J
(0)
µ + J
(1)
µ , (1.2)
and parametrizing
J (0)µ =
i
4
(IWµ + σ3Vµ), (1.3a)
J (0)µ =
(
0 −κ2q¯µ
qµ 0
)
, (1.3b)
in terms of two U(1) gauge potentials Wµ and Vµ, and the qµ matter fields, we have the
set of U(1)× U(1) gauge invariant equations
Dµqν = Dνqµ, (1.4a)
[Dµ, Dν ] = −
i
2
(∂µVν − ∂νVµ) = −2κ
2(q¯µqν − q¯νqµ), (1.4b)
∂µWν − ∂νWµ = 0, (1.4c)
Here the covariant derivative is defined as Dµ = ∂µ − (i/2)Vµ.
For the spatial part of the matter fields we introduce
3
ψ± = (2π
1/2)−1(q1 ± iq2), (1.5)
and denote D± = D1 ± iD2. Hence we have the system
D0ψ± = (2π
1/2)−1D±q0, (1.6a)
[D+, D−] = 8πκ
2(|ψ+|
2 − |ψ−|
2), (1.6b)
[D0, D±] = −4π
1/2κ2(q¯0ψ± − ψ¯±q0), (1.6c)
D+ψ− = D−ψ+, (1.6d)
∂µWν − ∂νWµ = 0. (1.6e)
These equations can be derived from the Lagrangian density
L = (32πκ2)−1ǫµνλVµ∂νVλ + ν
−1ǫµνλWµ∂νWλ
+i/2(ψ¯+D0ψ+ − ψ+D¯0ψ¯+)− i/2(ψ¯−D0ψ− − ψ−D¯0ψ¯−)
+i/2π−1/2q0 ¯(D−ψ¯+ − D¯+ψ¯−)− i/2π
−1/2q¯0(D−ψ+ −D+ψ−), (1.7).
with the statistical parameters κ2 and ν. It describes the non-Abelian U(2) CS topo-
logical field theory, in terms of parametrization (1.3-5) [11]. We note that at this stage
the gauge field W is decoupled from the interaction with ψ and V fields. But, as we will
see below the mapping of the model (2.1) to zero curvature equations connects these
fields. Finally, let us emphasize that if for the Heisenberg model it was sufficient to have
SU(2) zero curvature mapping [12], for the model considered here an additional gauge
field, related to the velocity field v is necessary.
2 Topological magnet in Tangent Space
To resolve the momentum problem in ferromagnets, the simple model of de-localized
electrons was considered [9]. In this paper additional hydro-dynamical variables which
describe the fermionic background were introduced for the restoration of the correct
linear momentum density. They are the density n and the normal velocity v of the
fermionic liquid. The evolution of the magnetization vector is described by the Landau-
Lifshitz equation in a moving frame [10]. We observed that the vorticity of the flow v
is proportional to the density of the topological charge for the magnetic configuration.
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This allowed us to formulate a simple model of ferromagnetic continuum with non-trivial
background [8]
∂tS+ v
j∂jS = S× ∂E/∂S, (2.1a)
∂ivj − ∂jvi = θS(∂iS× ∂jS), (i, j = 1, 2), (2.1b)
where E = E(S, ∂S) - is an effective energy of the Landau-Lifshitz theory, S2 = 1. For
pure exchange interaction it has a simple form
E = (∂1S)
2 + α2(∂2S)
2. (2.2)
The scalar product is defined by a diagonal metric tensor gij : A
jBj = g
ijAiBj with
coefficients of exchange interaction constants (2.2)
gij = diag(1, α
2), (2.3)
and α2 = ±1. Note that the parameter θ is defined by a microscopic model. But, as
was shown in [8], only if θ = 1 the model admits the Hirota bilinearization. In this case
as we will see below both an integrable reduction of the model and the statistical gauge
field compensation exist. This is why we restrict the values only in this case.
If we consider the pair of 2× 2 matrix operators
L1 = αI∂2 + S∂1,
L2 = I∂t + 2iS∂
2
1 + (i∂1S + iα∂2SS − αSv2 + Iv1)∂1,
with S = Σ3α=1Sασα, then from a commutativity condition
[L1, L2] = 0,
the system of equations follows
∂tS + v
j∂jS =
1
2i
[S, ∂j∂jS] + (∂
1v1 − ∂
2v2)S, (2.4a)
∂1v2 − ∂2v1 = −itrS[∂1S, ∂2S]. (2.4b)
In the case of a restricted flow, when the velocity field v satisfies the additional, “in-
compressibility” condition
∂1v1 + α
2∂2v2 = 0, (2.5)
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the last term in eq.(2.4a) vanishes and we distinguish the model (2.1). When eq.(2.5)
is resolved in terms of the stream function φ only,
v1 = ∂2φ, v2 = α
2∂1φ,
the system (2.1) is reduced to the Ishimori model [7].
In order to formulate the model in terms of tangent space variables we diagonalize
the spin matrix
S = gσ3g
−1. (2.6)
Let us parametrize g in such a way to extract U(1) × U(1) gauge factors (determined
by β and γ), leaving S invariant
g =
(
a b¯
−κ2b a
)
eiσ3β(x,t)+iγ(x,t), (2.7)
where a2 + κ2|b|2 = 1, which defines the left current
Jµ = g
−1∂µg, (2.8)
being viewed as a connection, carrying the zero-curvature condition (1.1). Equations of
motion (2.1) in terms of this current have the form of
J
(1)
0 = −v
jJ
(1)
j + i(∂
jJ
(1)
j + [J
(0)j, J
(1)
j ])σ3, (2.9a)
∂ivj − ∂jvi = 2itr([J
(1)
i , J
(1)
j ]σ3), (2.9b)
and define the mapping of our model to zero curvature conditions (1.1). We note that
eqs.(2.9) can be considered as a constraint on components of the current J and are
explicitly U(1) gauge invariant. The dynamics of the system is now described by the
zero curvature equation (1.1). This peculiar behaviour is due to the first order time
derivatives in the equations of motion (2.1).
The parametrization (1.2),(1.3) for J has an explicit form in terms of the spin
variables
qµ =
κ
2
S+e
2iβ∂µ ln
S+
1 + S3
, (2.10a)
rµ = −
1
2
S−e
−2iβ∂µ ln
S−
1 + S3
= −κ2q¯µ, (2.10b)
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Vµ = iκ
2 (S+∂µS− − S−∂µS+)
(1 + S3)
+ 4∂µβ, (2.10c)
Wµ = 4∂µγ. (2.10d)
For eqs.(2.9) we have
q0 = i(D
j + ivj)qj , (2.11a)
∂ivj − ∂jvi = −4iκ
2(q¯iqj − q¯jqi). (2.11b)
According to eq.(2.11b) one can express the transfer part of v as a nonlocal expression
in terms of qj . Then, by substituting v in eq.(2.11a), a complicated equation for qj and
Vj arises. But, as can be seen in eqs.(2.10), one cannot derive the longitudinal part of
v by using the local gauge transformations related with parameter β.
From another point of view, we can connect an arbitrary function γ and the gauge
potential Wj with vj . The particular choice of this connection allows that eq.(1.6e) will
have the form of the “incompressibility” condition (2.5). If we put
φ =
1
4G0
γ,
where G0 is an arbitrary constant, we find
W1 =
α2
G0
v2,W2 =
1
G0
v1,
and eq.(2.4) follows from eq.(1.6e). The last relation between v and W is just a duality
transformation in two dimensions.
3 α2 = −1 Case
We consider the case α2 = −1, with (+,-) signature for the matrix gij (2.3).
Eqs.(2.11) written in terms of ψ± given by (1.5), allows one to exclude q0 from the
system (1.6). As a result we obtain the set of equations
2iD0ψ± + (D
2
+ +D
2
−)ψ± + i(v+D+ + v−D−)ψ±±i∂±v±ψ± = 0, (3.1a)
∂+V− − ∂−V+ = 16πκ
2i(|ψ+|
2 − |ψ−|
2), (3.1b)
∂0V± − ∂±V0 = −8πκ
2{ψ±[(D¯+ − iv−)ψ¯+ + (D¯− − iv+)ψ¯−]+
ψ¯∓[(D+ + iv+)ψ+ + (D− + iv−)ψ−]}, (3.1c)
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D+ψ− = D−ψ+, (3.1d)
∂+v− − ∂−v+ = 16πκ
2iθ(|ψ+|
2 − |ψ−|
2), (3.1e)
∂+v− + ∂−v+ = 0. (3.1f)
It turns out that our model (2.1) can be described as a non-relativistic field theory
for a pair of ± charged matter fields, interacting with the Abelian Chern-Simons gauge
field Vµ and the velocity field v. We note that, only due to the constraint (3.1f),
equations (3.1a) for ψ± formally decouple. The matter fields are related only through
the gauge field Vµ and velocity v.
Equations (3.1b) and (3.e) are the Gauss laws of the Chern-Simons dynamics. They
show that V and v are determined by the matter density. In this theory the excitations
carrying charge
Q =
∫
(|ψ+|
2 − |ψ−|
2)d2x,
also possess magnetic and hydrodynamical fluxes, determined by statistical parameters
κ2 and θκ2 respectively. When θ = 1 , the fluxes coincide and can compensate one
another. In this case we can introduce new, irrotational, gauge field
A = V − v. (3.2)
Note that it transforms correctly as a U(1) gauge field under the shift of β in eq.(2.10).
The related covariant derivative will be denoted as
D = ∂ − i/2A. (3.3)
Then the system (3.1) becomes
2iD0ψ± + (D
2
+ +D
2
−)ψ± + [
1
4
(v2+ + v
2
−)±
i
2
(∂+v+ − ∂−v−)]ψ± = 0, (3.4a)
∂+A− − ∂−A+ = 0, (3.4b)
∂0A± − ∂±V0 = −v˙± − 8πκ
2{ψ±[(D¯+ −
i
2
v−)ψ¯+ + (D¯− −
i
2
v+)ψ¯−]+
ψ¯∓[(D+ +
i
2
v+)ψ+ + (D− +
i
2
v−)ψ−]}, (3.4c)
(D+ −
i
2
v+)ψ− = (D− −
i
2
v−)ψ+, (3.4d)
∂+v− − ∂−v+ = 16πκ
2i(|ψ+|
2 − |ψ−|
2), (3.4e)
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∂+v− + ∂−v+ = 0. (3.4f)
From eq.(3.4a) the charge +,- conservation laws follow
∂0|ψ±|
2 + ∂+J
(±)
+ + ∂−J
(±)
− = 0, (3.5)
where the currents are
J(±) = i/2(ψ±D¯ψ¯± − ψ¯±Dψ±). (3.6)
But due to the constraint (3.4d) one of the global U(1) symmetries is broken and we
have only U(1)transformations
ψ+− > ψ+e
iα, ψ−− > ψ−e
iα. (3.7)
Moreover, the system (3.4) is invariant under U(1) local gauge transformation
ψ±− > ψ±e
iα, (3.8)
A±− > A± + 2∂±α, V0− > V0 + 2∂0α,
connected with an arbitrariness of parameter β in (2.10). According to (3.4b), the
planar gauge field components A± have a vanishing field strength, and must be of a
pure gauge form. We can solve this in terms of real function λ,
Aj = ∂jλ, (j = 1, 2), (3.9)
and introduce the gauge-invariant matter fields
Ψ± = ψ±e
− i
2
λ(x1,x2,t). (3.10)
Hence the system (3.4) simplifies
2i(∂0 −
i
2
V0)Ψ± + (∂
2
+ + ∂
2
−)Ψ± + [
1
4
(v2+ + v
2
−)±
i
2
(∂+v+ − ∂−v−)]Ψ± = 0, (3.11a)
v˙± = ∂±V0 − 8πκ
2{Ψ±(∂−Ψ¯+ + ∂+Ψ¯−) + Ψ¯∓(∂+Ψ+ + ∂−Ψ−)}±
4πκ2iv∓(|Ψ+|
2 − |Ψ−|
2), (3.11b)
(∂+ −
i
2
v+)Ψ− = (∂− −
i
2
v−)Ψ+, (3.11c)
∂+v− − ∂−v+ = 16πκ
2i(|Ψ+|
2 − |Ψ−|
2), (3.11d)
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∂+v− + ∂−v+ = 0. (3.11e)
Note that the statistical gauge field V has completely disappeared from our system.
Only the Gauss law for hydrodynamical vorticity (3.11d) remains.
After introducing new fields
A
(±)
0 = V0 +
1
4
(v2+ + v
2
−)±
i
2
(∂+v+ − ∂−v−), (3.12)
and performing long but straightforward calculations, we surprisingly obtain that eqs.
(3.11a) and (3.11b) become Davey-Stewartson equations
2i∂0Ψ± + (∂
2
+ + ∂
2
−)Ψ± +A
(±)
0 Ψ± = 0, (3.13a)
∂+∂−A
(±)
0 = 8πκ
2(∂2+ + ∂
2
−)|Ψ±|
2, (3.13b)
for the pairs (Ψ+,A
(+)
0 ), (Ψ−,A
(−)
0 ). These equations are known as the DS-II equations
and are an integrable system [13]. The potentials A
(±)
0 are connected by the relation
A
(+)
0 −A
(−)
0 = i(∂+v+ − ∂−v−), (3.14)
and the functions Ψ± by (3.11c−e) constraints. These constraints define v as a nonlocal
form of Ψ+ and Ψ− , producing a complicated reduction between these functions.
The zero-curvature potentials (1.2),(1.3), related to the system (3.11), can be ob-
tained by the local gauge transformation h = exp(−i/4λσ3) and have the form
J
(0)
0 =
i
4
(IW0 + σ3V0), J
(0)
± =
i
4
(±I
i
G0
v± + σ3v±), (3.15)
J
(1)
± = 2π
1/2
(
0 −κ2Ψ¯∓
Ψ± 0
)
, J
(1)
0 =
(
0 −κ2s¯0
s0 0
)
,
s0 = iπ
1/2{(∂+ +
i
2
v+)Ψ+ + (∂− +
i
2
v−)Ψ−}.
4 Self-Dual Chern-Simons Solitons
Let us consider a particular but physically important subclass of solutions of the
system (3.11c − e) with the evolution (3.13). If one of the functions Ψ± vanishes the
(anti-)holomorphicity condition for the original spin variables (2.10) is satisfied. Let
Ψ− = 0. (4.1)
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Then as follows ∂−ζ = 0, where ζ is the stereographic projection of the spin vector S.
In this case the system (3.11c− d) reduces to the self-dual Chern-Simons system
(∂− −
i
2
v−)Ψ+ = 0, (4.2a)
∂+v− − ∂−v+ = 16πκ
2i|Ψ+|
2. (4.2b)
We can call it hydrodynamical, since the velocity of the planar flow plays the role of the
statistical gauge field. This system is connected with the Liouville equation [1]. If we
represent the velocity
v1 = ∂2φ+ ∂1χ, v2 = −∂1φ+ ∂2χ, (4.3)
in terms of two real functions for the flow, the stream function φ and the velocity potential
χ, then from (4.2a) the general form of Ψ+ follows
Ψ+ = exp(−
1
2
φ+
i
2
χ)F (η¯) = ρ+e
i
2
ω, (4.4)
where F (η¯) is an arbitrary anti-holomorphic function, η = x1 + ix2. Substituting the
Ψ+ in eq.(4.2b), we find for ρ+ = |Ψ+|
2 the Liouville equation:
(∂21 + ∂
2
2) ln ρ+ = −8πκ
2ρ+. (4.5)
This equation is conformal invariant
η = f(η˜), η¯ = f¯(¯˜η),
ln ρ˜(η˜, ¯˜η) = ln ρ[f(η˜), f¯(¯˜η)] + ln(f ′f¯ ′), (4.6)
and has regular, nonnegative solutions only for the compact spin model when κ2 = 1.
The general solution is
ρ+ = |Ψ+|
2 =
1
π
|∂η¯ζ|
2
(1 + κ2|ζ|2)2
. (4.7)
According to eq.(3.11e) the function χ should be harmonic
∆χ = 0, (4.8)
as well as the phase of function Ψ+. The total phase of function Ψ+ should satisfy the
regularity requirements for velocity v and the single-valuedness [1].
The N - vortex-soliton solution
11
ζ(η¯) = ΣNn=1
cn
η¯ − η¯n
, (4.9)
is defined by 4n real parameters, coded in the complex cn(t) and η¯n(t), describing
the scale, phase and position of solitons on the plane. The corresponding topological
charge is Q = +N . In the case Ψ+ = 0, we have ∂+ζ = 0 and the same Liouville
equation (4.5) for ρ−. Replacing η¯ to η in the solution (4.9) we can obtain the N -
antivortex soliton having a charge Q = −N . The evolution of these solitons should
follow to the DS equations (3.13). It provides the time dependence for parameters cn(t)
and η¯n(t). Combining properly these parameters one can obtain integrals of motion.
Further details of integrable soliton dynamics will be published separately. Here we note
only that in paper [14] the reduction of the DS equation to the Liouville equation was
considered along with colliding closed curves of singularities. In our model these results
are applicable to noncompact spin algebra when κ2 = −1. Moreover, the self-dual
Chern-Simons system (4.2) is related to a more general reduction for the DS equations
than the Liouville equation.
5 α2 = 1 Case
In this section we briefly describe the α2 = 1 reduction of the system (2.1). In this
case instead of (1.5) we introduce new complex fields
χ± = 1/2π
−1/2(q1 ± q2), χ¯± = 1/2π
−1/2(q¯1 ± q¯2), (5.1)
and define the covariant derivative and velocity fields as
D± = D1 ±D2, v± = v1 ± v2.
Then instead of eqs.(1.6) from the zero curvature equations we have
D0χ± = (2π
1/2)−1D±q0, (5.2a)
[D+, D−] = 8πκ
2(χ¯−χ+ − χ¯+χ−), (5.2b)
[D0, D±] = −4π
1/2κ2(q¯0χ± − χ¯±q0), (5.2c)
D+χ− = D−χ+, (5.2d)
and for the equations of motion in tangent space (2.9)
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q0 = iπ
1/2{(D+ + iv+)χ+ + (D− + iv−)χ−}, (5.3a)
∂+v− − ∂−v+ = 16iπκ
2(χ¯−χ+ − χ¯+χ−). (5.3b)
Again substituting q0 in system (5.2) and introducing the new gauge field as in eq.(3.2)
we find that it must have zero strength, Aj = ∂jλ.
In terms of gauge invariant variables
X± = χ±e
− i
2
λ (5.4)
the system becomes
2i(∂0 −
i
2
V0)X± + (∂
2
+ + ∂
2
−)X± + [
1
4
(v2+ + v
2
−)±
i
2
(∂+v+ − ∂−v−)]X± = 0, (5.5a)
v˙1 = ∂1V0 − 4πκ
2{(X¯+ + X¯−)[(∂+ +
i
2
v+)X+ + (∂− +
i
2
v−)X−] + c.c}, , (5.5b)
v˙2 = ∂2V0 − 4πκ
2{(X¯+ − X¯−)[(∂+ +
i
2
v+)X+ + (∂− +
i
2
v−)X−] + c.c}, (5.5c)
(∂+ −
i
2
v+)X− = (∂− −
i
2
v−)X+, (5.5d)
∂+v− − ∂−v+ = 16iπκ
2(X¯−X+ − X¯+X−), (5.5e)
∂+v− + ∂−v+ = 0. (5.5f)
In contrast to the previous case, with α2 = −1, the potentials
A
(±)
0 = V0 +
1
4
(v2+ + v
2
−)±
i
2
(∂+v+ − ∂−v−)
are no longer real functions. Then we obtain the DS - I equations
2i∂0X± + (∂
2
+ + ∂
2
−)X± +A
(±)
0 X± = 0, (5.6a)
−2i∂0X¯∓ + (∂
2
+ + ∂
2
−)X¯∓ +A
(±)
0 X¯∓ = 0, (5.6b)
∂+∂−A
(±)
0 = 8πκ
2(∂2+ + ∂
2
−)X±X¯∓. (5.6c)
Comparing these equations with the well known ones in the literature we introduce
the definition
Q = X+, R = X¯−. (5.7)
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Thus we have the DS-I equations
2i∂0Q+ (∂
2
+ + ∂
2
−)Q+A
(+)
0 Q = 0, (5.8a)
−2i∂0R+ (∂
2
+ + ∂
2
−)R +A
(+)
0 R = 0, (5.8b)
∂+∂−A
(+)
0 = 8πκ
2(∂2+ + ∂
2
−)RQ, (5.8c)
supplied with constraints
(∂+ −
i
2
v+)R¯ = (∂− −
i
2
v−)Q, (5.9a)
∂+v− − ∂−v+ = 16iπκ
2(RQ− R¯Q¯). (5.9b)
From the above equations we can conclude that IM-I model is connected with DS-I
equation (5.8) but with a new reduction condition (5.9), instead of the usual one
R¯ = ±Q. (5.10)
If we suppose that (5.10) is satisfied in addition to (5.9), then v = 0. Recovering
A
(+)
0 from eq.(5.8c) we find the one-dimensional Nonlinear Schro¨dinger equation
iQ + ∂21Q+ 8πκ
2(|Q|2 − ρ1(t)x1 − ρ0(t))Q = 0.
6 Conclusion
In conclusion I like to emphasize some points. First, as mentioned above, the orig-
inal model for θ = 1 is an integrable. It admits the linear problem as a commutativity
condition between two operators L1 and L2. The linear problem allows one to apply
the whole machinery of the ∂¯ - problem to construct several exact solutions [18]. These
solutions could have direct physical applications since DS equations arise in hydrody-
namical wave phenomena. It is important to note the appearance in this context of
the self-dual Chern-Simons system (4.2), usually associated with the anyons and exotic
statistics.
The linear problem of IM can be gauge related with the one of the DS equation
[15,16]. And the last linear problem can be reduced from the self-dual Yang-Mills system
with an infinite dimensional gauge group [17]. On the other hand it has been shown
in the present paper that the zero-curvature formulation of the DS equations can be
derived on the usual finite-dimensional Lie algebra. Moreover, these zero curvature
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conditions are the classical equations of motion for the 2+1 dimensional Chern-Simons
Topological Quantum Field Theory (TQFT). This allows the mapping of the model
to the TQFT with a suitable gauge group. Based on the ideas of [19,20,21], we can
expect some relationship with predictions of the TQFT and the properties of the Braid
group representations. We hope that full 2+1- dimensional solutions for our model will
provide a description of the moduli space beyond the perturbative Manton’s approach
for the slowly moving monopoles [19 ].
Finally, I stress that the idea of vorticity compensation for the two gauge fields
may be applied to other σ- models and it will be interesting to analyze the anyonic
behaviour for such systems. Generally, we can expect that the local rotation in the
anyon fluid will produce the statistical transmutation connected with the vorticity of
the flow. Therefore the integrability properties of the model can only appear for special
values of the vorticity, compensating the anyonic statistical field.
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